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Spin orientation by electric current in (110) quantum wells
L. E. Golub∗ and E. L. Ivchenko
Ioffe Physical-Technical Institute of the Russian Academy of Sciences, 194021 St. Petersburg, Russia
We develop a theory of spin orientation by electric current in (110)-grown semiconductor quan-
tum wells. The controversy in the factor of two from two existed approaches is resolved by pointing
out the importance of energy relaxation in this problem. The limiting cases of fast and slow en-
ergy relaxation relative to spin relaxation are considered for asymmetric (110) quantum wells. For
symmetricly-doped structures the effect of spin orientation is shown to exist due to spatial fluctua-
tions of the Rashba spin-orbit splitting. We demonstrate that the spin orientation depends strongly
on the correlation length of these fluctuations as well as on the ratio of the energy and spin relax-
ation rates. The time-resolved kinetics of spin polarization by electric current is also governed by the
correlation length being not purely exponential at slow energy relaxation. Electrical spin orienta-
tion in two-dimensional topological insulators is calculated and compared with the spin polarization
induced by the magnetic field.
PACS numbers: 72.25.Hg, 72.25.Pn, 72.25.Rb, 73.63.Hs
I. INTRODUCTION
Creation and manipulation of electron spin by elec-
trical means is at the heart of semiconductor spintron-
ics. The electron spin polarization generated by a charge
current was predicted in Ref. 1 and observed in bulk tel-
lurium.2 As demonstrated in Refs. 3–5 the spin orienta-
tion due to an electrical current is also possible in semi-
conductor quantum well (QW) structures. This study
was extended in Refs. 6–13. At present electrically polar-
ized spins have been observed in various low-dimensional
materials based on GaAs, InAs, ZnSe and GaN, see, e.g.,
Refs. 14–17 as well as in GaAs and InGaAs epitaxial lay-
ers.18 In Ref. 16 current-induced spin polarization has
been investigated in (110) AlGaAs QWs.
Phenomenologically, the average nonequilibrium free-
carrier spin s is linked to a dc charge current j by a
second-rank pseudotensor as follows
si = Qiljl . (1)
The mechanism most often considered for the current-
induced spin polarization is a k-linear spin-orbit splitting
of electron energy spectrum described by the Hamilto-
nian
Hso(k) = βilσikl , (2)
where k is the free-carrier wave vector and σi (i = x, y, z)
are the Pauli spin matrices. The estimation for the in-
duced spin polarization per particle reads
si = −c∆
(i)
so (kdr)
〈E〉 . (3)
Here c is a numerical coefficient,
∆(i)so (kdr) = 2βilkdr,l , (4)
∗Electronic address: golub@coherent.ioffe.ru
kdr = eEτtr/~ is the drift wave vector in the electric
field E controlled by the transport relaxation time τtr,
the characteristic electron energy 〈E〉 equals to the Fermi
energy EF at low temperatures and to the thermal energy
kBT at high temperatures. Exactly it is defined as
〈E〉 =
∑
k
Ekf
′
0(Ek)/
∑
k
f ′0(Ek) , (5)
where Ek = ~
2k2/(2m), m is the electron effective mass,
f0(Ek) is the equilibrium Fermi function, and f
′
0(Ek) =
df0/dEk. In the following we assume |∆(i)so (kdr)| to be
much smaller than 〈E〉.
Up to now, the theory of current-induced spin polariza-
tion has been focused on zinc-blende-lattice nanostruc-
tures grown along the [001] crystallographic direction. In
this paper we address the problem of electrical spin ori-
entation in (110)-grown QWs. As is well-known19–24, the
specific property of symmetric (110)-oriented QWs is the
suppression of spin-orbit splitting in the interface plane:
in the coordinate frame x ‖ [1¯10], y ‖ [001], z ‖ [110]
the tensor βil has only one nonzero component βzx. In
asymmetric (110) QWs, the terms due to the Rashba-
effect with components βxy = −βyx should be added to
the Hamiltonian (2). However, even in the symmetricly-
doped (110)-QWs structures with two identical impurity
layers separated from the QW by the spacers, the ran-
dom distribution of dopant ions in the layers gives rise to
a random electric field and, hence, to a random Rashba
spin-orbit coupling.25 Therefore, in general the spin-orbit
Hamiltonian for electrons in the (110) QWs can be pre-
sented in the form
Hso(k, r) = βσzkx + σx {ky , α(r)}− σy {kx, α(r)} , (6)
where β is a constant, the Rashba-term coefficient α(r)
is coordinate dependent, kl = −i∇l (l = x, y), and
the anticommutators are defined according to {A,B} =
(AB +BA)/2. We will concentrate the attention on the
calculation of the spin component sz induced by the elec-
tric current jx ∝ Ex and described by the coefficient Qzx
2in Eq. (1). In the next section we start with a particular
case where the spatial dependence α(r) can be ignored.
In Sect. III we analyze the opposite limiting case of com-
pletely random spin-orbit coupling with α(r) vanishing
after averaging over the interface coordinates x and y. In
Sect. IV we discuss the time-resolved kinetics of electrical
spin orientation.
II. ASYMMETRIC QWS
Let us consider an asymmetric QW without random
spin-orbit coupling. It means that the spin-orbit Hamil-
tonian (6) is characterized by the two constants, β and
α(r) ≡ α. It should be stressed that, strangely enough,
two kinetic approaches are proposed to find the current-
induced spin polarization, the first in Ref. 6 and the sec-
ond in Refs. 8,12. The application of these approaches
leads to the induced spin s described by the same equa-
tion (3) but with different values of the coefficient c.
Since this controversy has not been removed up to now,
we present below a brief explanation of the existing am-
biguity in values of the spin polarization. In the following
the distribution of electrons in the wave vector k and spin
is described by the spin-density matrix ρ(k) which can be
decomposed into a sum f(k) + σSk that explicitly con-
tains the scalar distribution function f(k) = Tr{ρ(k)}/2
and the average spin Sk = Tr{σρ(k)}/2 of an electron
with the wave vector k. The average spin per particle is
related to Sk by
s =
∑
k
Sk/N , (7)
where N is the two-dimensional (2D) electron density.
At equilibrium, ρ(k) is the matrix Fermi function
ρ(k) = f0[Ek +Hso(k)] = f0 + σS0k ,
where S0k,i = f
′
0βilkl, and f
′
0 ≡ f ′0(Ek).
Following Refs. 6,8,9,12 we use the coupled kinetic
equations for f(k) and Sk. In the first order in
|βil|k/〈E〉 ≪ 1, can write f(k) in the standard form
f(k) = f0 + f1(k), where
f1(k) = −e~τ1
m
f ′0 (Ek) , (8)
and reduce the equation for the electric-field induced cor-
rection Sk = Sk − S0k to
∂Sk
∂t
+ Sk ×Ωk = Stp{Sk}+ Stε{Sk}+Gk . (9)
Here Ωk is the effective Larmor frequency with the com-
ponents Ωk,i = 2βilkl/~, Stp{Sk} is the elastic-scattering
collision integral at zero spin-orbit coupling,
Stp{Sk} = 2pi
~
Ni
∑
k′
|Vk′k|2δ(Ek − Ek′ )(Sk′ − Sk) ,
Ni is the 2D density of static scatterers, Vk′k is the matrix
element of scattering by a single scatterer. The inhomo-
geneous term in Eq. (9)
Gk = −e~
m
(τ1f
′
0)
′
τ2
~
2
[
Ωk(Ek)−Ωk(Ek)
]
(10)
appears due to allowance for the linear-k spin-orbit split-
ting and the matrix expansion26
δ[Ek +Hso(k)− Ek′ −Hso(k′)] ≈ δ(Ek − Ek′)
+ [Hso(k)−Hso(k′)] ∂
∂Ek
δ(Ek − Ek′ ) . (11)
Hereafter the overline means averaging over the direction
of the electron wave vector. The momentum relaxation
times τ1 and τ2 are related to the scattering matrix ele-
ments by
1
τn(Ek)
=
2pi
~
Ni
∑
k′
[1− cos (nθ)] |Vk′k|2δ(Ek − Ek′ ) ,
where θ is the angle between k′ and k. The transport
time is a weighted average of τ1(Ek):
τtr = −
∑
k
τ1(Ek)Ekf
′
0/
∑
k
f0 . (12)
In this and next sections we consider the effect of a
dc electric field and neglect the time derivative term in
Eq. (9).
The term Stε{Sk} describes both the energy relaxation
and electron-electron collisions, it tends to equalize the
degree of spin polarization of electrons with different en-
ergies. We denote the typical time of this equalization by
τε and assume τ1 ≪ τε. Strange as it may seem, the value
of the coefficient c in Eq. (3) depends on the relation be-
tween τε and the spin relaxation time τs ∼ (α2k2τ1/~2)−1
in the Dyakonov-Perel’ mechanism. For the limits of slow
and fast energy relaxation, the value of spin polarization
differs by a factor of two if τ1 is independent of the energy
Ek, namely
c =
{
cslow = 1/4 if τs ≪ τε ,
cfast = 1/2 if τs ≫ τε . (13)
It should be noted that in the both limiting cases the
coefficient c is independent of the times τε and τs, and
only if they are comparable it becomes sensitive to the
ratio τε/τs and lies inside the interval between 1/4 and
1/2.
In the limit of fast energy relaxation when τs ≫ τε,
energy relaxation processes described by the operator
Stε{Sk} intensively mix the spin between electrons with
different energies. Then we can take into account that,
for the distribution f0(Ek+σM) with an arbitrary fixed
pseudovector M , the both collision integrals in Eq. (9)
vanish. This allows one to seek the solution Sk in the
form
Sfastk = Ns
f ′0(Ek)∑
k f
′
0(Ek)
+ δSk , (14)
3where s is the nonequilibrium spin per particle and the
correction δSk vanishes after averaging over k. Find-
ing this correction in the first order in Ωkτ1 ≪ 1 (the
collision-dominated regime), substituting it into Eq. (9)
and summing over k we obtain Eq. (3) with the coeffi-
cient c given by
cfast =
〈
τ1(τ1E
2
k)
′
〉
4τ2tr 〈Ek〉
. (15)
Here, similarly to Eq. (5), the angle brackets are used to
denote the functional
〈Φ(Ek)〉 =
∑
k Φ(Ek)f
′
0(Ek)∑
k f
′
0(Ek)
. (16)
In this notation the transport time τtr defined by Eq. (12)
is given by 〈τ1Ek〉 / 〈Ek〉. For τ1 independent of the en-
ergy Ek, we find cfast = 1/2, cf. Eq. (13). This value
differs by the factor of 2 from the coefficient c which fol-
lows from Eq. (20) in Ref. 6.
In the opposite limit of slow energy relaxation when
τs ≪ τε, the term Stε{Sk} can be omitted. In this
regime, via the generation term Gk, the electric cur-
rent pumps the electron spin. The spin polarization per
particle is inhomogeneously distributed in energy. The
jumps of electrons in energy are slow and do not keep
pace with the electrical spin pumping. The solution of
time-independent equation (9) for the induced spin po-
larization has the form
Sslowk = −
e~
m
(τ1f
′
0)
′
~
2
Ωk(Ek) . (17)
Here we used the following relation for elastic momentum
relaxation rates of two-dimensional electrons:
∂
∂Ek
(
1
τ2
)
=
2
Ek
(
1
τ1
− 1
τ2
)
.
Substitution of the solution (17) into Eq. (7) leads to
cslow =
〈τ1〉
4τtr
. (18)
For τ1 independent of the energy Ek, we find cslow = 1/4,
cf. Eq. (13).
To summarize this section, in contrast to Ref. 6 where
the fast energy-mixing conditions were considered, a ma-
jor part of theoretical activity5,8,9,12,13 was (implicitly)
focused on the theory valid if the processes of electron
energy mixing are slow. The latter regime can be real-
ized in a degenerate 2D electron gas at low temperatures
while the former is important at moderate and high tem-
peratures.
III. SPIN ORIENTATION IN
MACROSCOPICALLY-SYMMETRIC QWS
Now we turn to the symmetric QWs with the vanish-
ing average, 〈α(r)〉dis = 0 and the correlation function
〈α(r)α(r′)〉dis, where the angular brackets mean aver-
aging over the 2D space. In the following, we use the
Fourier transform of the latter25
Cαα(q) =
∫
dr 〈α(r)α(r′)〉dis eiq(r−r
′) . (19)
Let us introduce the electron mean free-path length
l = v¯τtr, where v¯ =
√
2〈E〉/m and the correlation length
of the 2D disorder lc. If l is small as compared with lc
then the current-induced spin sz is given by Eq. (3) with
the coefficient c presented in the previous section, see
Eqs. (15), (18). Therefore, here we will analyze the op-
posite limit lc < l. In this case only the two diagonal com-
ponents of the density matrix, ρjj ≡ fj(k) are nonzero,
where j = ±1 for the electron state with the spin compo-
nent j/2 along the z axis. The random spin-orbit interac-
tion in the Hamiltonian Eq. (6) serves as a perturbation
for spin-flip scattering (k, j) → (k′,−j). The squared
absolute value of the spin-flip matrix element averaged
over the in-plane disorder, Wk′k ≡
〈|Vk′,−j;k,j |2〉dis, has
the form
Wk′k = Cαα(k
′ − k)
(
k + k′
2
)2
. (20)
Then, the spin-flip collision integral reads
2pi
~
∑
k′
Wk′kδ(Ekj − Ek′,−j)[f−j(k′)− fj(k)] , (21)
where Ekj = Ek + jβkx. Neglecting the spin-flip pro-
cesses and taking into account the electric-field induced
drift in the first order, we obtain for the distribution func-
tion
fj(k) = f0(Ekj) + f1(k − jk0) , (22)
where jk0 is the extremum point in the subband Ekj , the
vector k0 has only a component along the x axis equal
to −mβ/~2, and f1(k) is given by Eq. (8). Substituting
the function fj(k) defined by Eq. (22) into the collision
integral (21) and using the identity (11) we arrive at the
kinetic equation for the field-induced spin distribution
function
∂Sz(k)
∂t
+
2pi
~
∑
k′
Wk′kδ(Ek − Ek′ )[Sz(k) + Sz(k′)]
= Stp{Sz(k)}+ Stε{Sz(k)}+G(dis)k . (23)
The second term in the left-hand side describes the spin
relaxation while G
(dis)
k gives the drift-induced pumping
of the spin polarization. The latter can be written as a
sum
G
(dis)
k = G
(dis,1)
k +G
(dis,2)
k , (24)
4where
G
(dis,1)
k =
2pi
~
∑
k′
[f1(k)− f1(k′)]δ(Ek − Ek′)
× k0(∇k′ −∇k)Wk′k , (25)
G
(dis,2)
k =
2pi
~
(k0∇k)
∑
k′
[f1(k
′)− f1(k)]δ(Ek − Ek′ )Wk′k .
While deriving these equations we applied the identity
F (k + k0,k
′ − k0) ≈ F (k,k′) + k0(∇k −∇k′)F (k,k′) .
Again, we should consider in turn the regimes of fast and
slow mixing of spin in the energy space, as compared with
the spin relaxation rate τ−1s , deriving equations for the
coefficients cfast and cslow.
A. Fast energy relaxation, τε ≪ τs
In this regime the function Sz(k) is taken in the form
of the first term in the right-hand side of Eq. (14) with
s ‖ z, namely,
Sz(k) = Nsz
f ′0(Ek)∑
k f
′
0(Ek)
. (26)
The spin relaxation time due to the random spin-orbit
coupling is given by
τ−1s = 〈Γs(Ek)〉 . (27)
Here the angle brackets are defined in Eq. (16), and
Γs(Ek) is the relaxation rate of the electron spin z-
component at the energy Ek: Γs(Ek) = (2m/~
3)Wk′k,
where the overline means a value of Wk′k averaged over
the angle between k and k′ at k′ = k. Equation (20)
yields
Γs =
m
pi~3
Λ0, Λ0(Ek) =
2k∫
0
dqCαα(q)
√
4k2 − q2. (28)
It follows from Eq. (23) that the spin per particle is
given by
sz =
τs
N
∑
k
G
(dis)
k =
τs
N
∑
k
G
(dis,1)
k , (29)
because the generation term G
(dis,2)
k is the full deriva-
tive and vanishes after summation over k. Taking into
account that
(∇k′ −∇k)Wk′k = (k + k
′)2
2
q
q
C′αα(q)
with q = k′ − k being the scattering wave vector and
C′αα(q) = dCαα(q)/dq, we can eventually reduce the co-
efficient cfast to
cfast =
〈τ1Λ1〉
8τtr 〈Λ0〉 , (30)
where
Λ1(Ek) = −
2k∫
0
dqC′αα(q) q
√
4k2 − q2. (31)
The correlator (19) for randomly distributed remote
donors has the form25
Cαα(q) = C0e
−qlc , (32)
where lc, the length scale of variations in α, equals to a
half distance to the donor δ-layers. Then the spin relax-
ation rate and the coefficient cfast reduce to
Γs(Ek) =
C0m
2~3l2c
ξF1(ξ) (33)
and
cfast =
1
4τtr
[
〈τ1〉 −
〈
τ1ξ
2F0(ξ)
〉
2 〈ξF1(ξ)〉
]
, (34)
where ξ = 2klc =
√
8mEklc/~, and
Fn(ξ) = In(ξ) − Ln(ξ)
with In(ξ), Ln(ξ) being the Bessel and Struve functions.
At small correlation lengths, k¯lc =
√
2m〈E〉lc/~ ≪ 1,
cfast is linear in lc according to
cfast =
lc
3piτtr
〈
τ1k
3
〉
〈k2〉 .
In particular, if τ1 is independent of energy Ek, cfast =
kFlc/(3pi) for the degenerate statistics with kF being the
Fermi wave vector and cfast = kT lc/(4
√
pi) with kT =√
2mkBT/~2 at high temperatures. With increasing the
correlation length the coefficient cfast monotonously de-
creases and saturates at
cfast =
〈τ1k〉
8τtr 〈k〉 .
for k¯lc ≫ 1 (but lc ≪ l). The coefficient cfast at low
temperatures is plotted in Fig. 1.
B. Slow energy relaxation: τε ≫ τs
At slow energy relaxation, the spin pumped by the elec-
tric current to electrons with the energy Ek is stabilized
by the spin relaxation rate Γs(Ek), Eq. (28). As a result
the structure of spin distribution in energy strongly devi-
ates from the quasi-equilibrium distribution (26). In this
regime, it is enough to average the left- and right-hand
sides of Eq. (23) over directions of k, retain the axially
symmetric contribution Sz(Ek) to the function Sz(k) and
obtain
Sz(Ek) = Γ
−1
s (Ek) G
(dis)
k . (35)
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FIG. 1: Low-temperature spin sz in units of −∆
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so (kdr)/EF
at fast and slow energy relaxation.
The contribution to the coefficient cslow due to the gen-
eration term G
(dis,1)
k can be reduced to
c
(1)
slow =
1
8τtr
〈
τ1Λ1
Λ0
〉
. (36)
The similar contribution of the second generation term,
G
(dis,2)
k , has the form
c
(2)
slow =
1
16τtr
〈
τ1Λ2Ek
(
1
Λ0
)′〉
, (37)
where
Λ2(Ek) =
1
k2
2k∫
0
dqCαα(q) q
2
√
4k2 − q2. (38)
For the correlator (32) we obtain
c
(1)
slow =
1
4τtr
〈
τ1
[
1− ξF0(ξ)
2F1(ξ)
]〉
, (39)
c
(2)
slow =
1
8τtr
×
〈
τ1
F0(ξ)
[
3ξF0(ξ)− (ξ2 + 6)F1(ξ) + 2ξ2/pi
]
ξF 21 (ξ)
〉
,
where, as above, ξ = 2klc. In the limiting cases one has
for the sum cslow = c
(1)
slow + c
(2)
slow:
cslow = − 〈τ1〉
16τtr
for small correlation lengths (k¯lc ≪ 1), and
cslow =
〈τ1〉
8τtr
for large correlation lengths (k¯lc ≫ 1). The lc-
dependence of low-temperature spin sz is plotted in
Fig. 1. One can see that, for the fast and slow energy
relaxation, sz(lc) is, respectively, a sign-preserving and a
sign-changing (at 2kFlc ≈ 0.9) function.
IV. DISCUSSION
It is instructive to compare the electrically-induced
spin polarization with the thermal orientation of spins
in an external magnetic field. In the presence of the
magnetic fieldB, at equilibrium irrespective of the mech-
anisms of energy and spin relaxation, the electron spin
density matrix is given by
ρ0k = f0[Ek +Hso(k) +HB] , (40)
where HB is the Zeeman Hamiltonian µBgilσiBl/2, µB
is the Bohr magneton, and gil is the electron g factor
tensor. For small spin-orbit and Zeeman splittings as
compared to 〈E〉 one can write instead of (40)
ρ0k ≈ f0(Ek) + f ′0(Ek)[Hso(k) +HB] . (41)
The magnetic-field induced spin SBk is distributed ac-
cording to
SBk,i =
1
2
µBgilBlf
′
0(Ek) . (42)
The spin per particle is related to the Zeeman splitting
∆
(i)
B = µBgilBl by
si = −1
4
∆
(i)
B
〈E〉 . (43)
Contrary to the magnetic-field effect, the spin polar-
ization induced by the electric current definitely is a
nonequilibrium process and, as a result, it is depen-
dent on mechanisms of spin relaxation as well as on the
relation between spin- and energy-relaxation rates. It
is interesting to notice that, even in asymmetric QWs
where spin-orbit splitting disorder can be neglected, the
current and magnetic-field induced polarizations differ.
Indeed, for the slow energy relaxation, the coefficient
cslow = 1/4 in Eq. (13) coincides with the similar coeffi-
cient in Eq. (43), but the energy dependences of the spin
distribution Sslowk are different: according to Eqs. (17)
and (42) they are proportional to [τ1f
′
0(Ek)]
′Ek and
f ′0(Ek), respectively. For the fast energy relaxation, the
both spin distributions are proportional to f ′0(Ek) but
the average spins differ by the factor of 2.
In symmetric (110)-grown QWs the difference between
the effects of electric current and magnetic field becomes
even more striking because the former strongly depends
on the correlation function of the spin-orbit disorder (19).
In Sects. II and III we have separately considered def-
initely asymmetric and symmetric QWs, where the dis-
persion
〈
[α(r)− α]2〉
dis
is, respectively, small and large
6as compared to the squared average α2, where α =
〈α(r)〉dis. If they are comparable, i.e., in slightly asym-
metric (110) QWs, both spatially independent constant
α and spin-orbit splitting disorder affect the current-
induced spin. As a result, the electric current along the x
axis creates both sz and sy spin components. In this case
the average spin is found from a system of two coupled ki-
netic equations similar to that considered in Ref. 27. The
contributions to generation come from both the inhomo-
geneous term Eq. (10) governed by α and from the terms
Eq. (24) caused by spin-flip processes. Omitting details
we present the result for the coefficient c in Eq. (3). For
the fast energy relaxation this coefficient is given by
cfast =
c
(as)
fast/τ
(as)
s + c
(s)
fast/τ
(s)
s
1/τ
(as)
s + 1/τ
(s)
s
. (44)
Here c
(as)
fast and c
(s)
fast are the corresponding coefficients for
asymmetric and symmetric QWs defined by Eqs. (15)
and (30), respectively; the spin relaxation rates are given
by 1/τ
(as)
s = 8α2τtrm 〈Ek〉 /~4 and 1/τ (s)s = 〈Γs(Ek)〉, cf.
Eq. (27). If the energy relaxation is slower than the spin
relaxation we obtain cslow = c
(as)
slow + c
(s)
slow with
c
(as)
slow =
1
4τtr
〈
τ1
[
Ek
α2(2β2 + 4α2 + η)
D
]′〉
, (45)
c
(s)
slow =
1
8τtr
(46)
×
〈
τ1
(
Λ1 +
Λ2Ek
2
d
dEk
)
η(η + 2β2 + 7α2/2)
Λ0D
〉
,
D(Ek) = 2(β
2 + 2α2)(α2 + η) + η2.
Here η(Ek) is the ratio between the spin relaxation rate
Γs(Ek) due to spin-orbit disorder and the Dyakonov-
Perel’ spin relaxation rate of electrons with energy Ek
divided by α2, i.e., η = Γs~
2/2τ1k
2. In strongly asym-
metric QWs where α2 ≫ η the equation for cslow reduces
to Eq. (18). In the opposite limit of macroscopically-
symmetric QWs, η ≪ α2, cslow reduces to a sum of the
coefficients (36) and (37).
Now we turn to the discussion of the effect of energy
relaxation rate on the kinetics of electrical spin orien-
tation. In an abrupt current switching, the spin po-
larization builds up from zero to the steady-state value
s ≡ s(t → ∞), see Eq. (3), within the spin-relaxation
time τs. If the energy relaxation is fast then we obtain
for the macroscopically-symmetric (110) QWs that the
spin saturation occurs according to the exponential law
sfastz (t) = −
∆
(z)
so (kdr)
〈E〉 cfast
(
1− e−t/τs
)
, (47)
where cfast is found from Eq. (30) and the time τs is
defined by Eq. (27). The similar equation for the spin
polarization sfasti (t) in an asymmetric QW is obtained
from Eq. (47) by changing z to i and τs to τ
i
s, where 1/τ
i
s
is the principal value of the tensor12
1
τs,lm
=
〈
τ1
Ω2kδlm − Ωk,lΩk,m
1 + Ω2kτ
2
1
〉
. (48)
In the case of slow energy relaxation, the time variation
sz(t) displays a qualitatively different behavior. Indeed,
solving Eq. (23) for each fixed energy Ek and then inte-
grating the solution over Ek we obtain at low tempera-
ture
sslowz (t) = −
∆
(z)
so (kdr)
EF
(49)
×
{
c
(1)
slow
(
1− e−t/τs
)
+ c
(2)
slow
[
1−
(
t
τs
+ 1
)
e−t/τs
]}
,
where τs = Γ
−1
s (EF) and the relaxation rate Γs(Ek) is
introduced in Eq. (28).
The calculated time-resolved kinetics of electrical spin
orientation at low temperature is depicted in Fig. 2 for
different values of the correlation length. One can see the
difference not only in the saturation values of sz but also
in the time variation at the initial stage: at slow energy
relaxation, for kFlc < 1 the spin sz(t) can exhibit a non-
monotonous behavior whereas, at fast energy relaxation,
only a linear increase of sz with time takes place.
If the spin relaxation is additionally contributed by the
Elliot-Yafet mechanism described in QWs by the spin-
dependent scattering matrix element28
Mk′k =M0(q)[σx(ky + k
′
y)− σy(kx + k′x)] ,
then the electrical spin polarization is given by the same
expressions as in inhomogeneous QWs where the correla-
tor Cαα(q) is replaced by the sum Cαα(q) +M
2
0 (q). For
another mechanism of spin-dependent scattering consid-
ered in Ref. 6 where Mk′k = M0 σz(k × k′)z, the spin
z-component does not relax, and in this case the spin
orientation by electric current is possible for the in-plane
directions only.
A mechanism of electrically-induced spin orientation
based on skew-scattering yields a contribution with Qil ∝
βli,
10 i.e., with the pseudotensor Q in Eq. (1) being pro-
portional to the transposed pseudotensor β describing
the spin-orbit coupling (2). One can check that, in a sym-
metric (110)-grown QW structure, this mechanism gives
rise to no generation of the normal spin component. The
reason is that, in the system of the C2v symmetry with
the axis z ‖ C2 ‖ [110], the components βlz vanish for
any l = x, y, z.
We finish the discussion by comparing Eq. (3) with the
spin induced by the electric current in a topological insu-
lator. Similarly to Ref. 29 we take the electron effective
Hamiltonian in the form
H = ~v0(σxky − σykx),
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FIG. 2: Time-resolved kinetics of the spin sz by an abrupt current switching at low temperatures. The spin polarization sz is
presented in units of −∆
(z)
so (kdr)/EF in the regimes of fast (a) and slow (b) energy relaxation.
where v0 is a constant positive parameter. The electron
energy spectrum is given by two branches E±,k = ±~v0k
and, for typical values of k, the splitting between the
branches, 2~v0k, exceeds by far the uncertainty ~/τ1.
Furthermore, we assume the degenerate statistics with
the Fermi energy lying in the conduction band, EF > 0.
The final result for the average spin per conduction-band
particle reads
sx =
kdr,y
2kF
, sy = −kdr,x
2kF
,
or, in a more general form,
si =
1
4
∆(i)
EF
, (50)
where, as before, kF = EF/(~v0), kdr = eτtrE/~ and
∆(i) = 2βilkdr,l, βxy = −βyx = ~v0. An external in-
plane magnetic field B changes the electron energy E+,k
by gµB(kyBx−kxBy)/(2k) and the average spin is given
by Eq. (50), where g is the electron g factor and ∆(i) =
gµBBi. Therefore, in the particular case of a topological
insulator with well-resolved states the coefficient (1/4)
relating si with the ratio ∆
(i)/EF is independent of the
relaxation mechanisms and coincides with the analogous
coefficient for the magnetic-field induced spin.
V. CONCLUSION
The theory of current-induced generation of electron
spin polarization has been extended on quantum-well
structures grown along the axis [110] from zinc-blende
semiconductors. It has been shown that a value of the
steady-state average spin depends on the relation be-
tween energy and spin relaxation rates. In the regime
of slow energy relaxation, the spin orientation by the
electric current is formed for each electron energy E in-
dependently: the spin induced in the subsystem of elec-
trons with the energy Ek ≈ E is stabilized by the fast
energy-conserving spin relaxation, the slow energy relax-
ation intermixes different subsystems without affecting
the stabilized spin distribution in energy. In the opposite
regime of fast energy relaxation, the spins slowly gener-
ated at particular energies are rapidly intermixed in the
energy space to form a quasi-equilibrium spin density ma-
trix unambiguously determined by the average spin po-
larization. The analysis of these two regimes removes a
controversy between the existing approaches to calculate
the current-induced spin in (001)-grown QWs.
In a symmetric (110) quantum well, the Dyakonov-
Perel’ mechanism cannot participate in the spin genera-
tion by electric current. It has been shown that the spin
orientation can be mediated by spin-orbit splitting disor-
der due to a random electric field created by dopant ions
located in the side n-doping layers. We have calculated
the dependence of both the steady-state and the time re-
solved spin polarization on the correlation length of the
disorder and showed a striking difference in the spin be-
haviour for the cases of fast and slow energy relaxation.
The spin-orbit disorder can also play the dominant
role in electric spin orientation in quantum wires with
the spin-orbit Hamiltonian30 Hso = ~Ωkzσ/2, where
Ωkz = λkz, λ is a constant vector and kz is the wave vec-
tor of electron free motion along the wire principal axis
z. In this case the spin oriented along λ is insensitive to
the Dyakonov-Perel’ spin relaxation mechanism and the
disorder-induced spin relaxation becomes important.31
The developed theory can be applied as well to SiGe/Si
quantum well structures with antiphase microscopic do-
mains containing an odd number of atomic planes and
shifted with respect to each other by one monoatomic
layer.32
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